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Abstract. As it is known, finitely presented quivers correspond to Dynkin 
graphs (Gabriel, 1972) and tame quivers - to extended Dynkin graphs (Donovan 
and Preislich, Nazarova, 1973). In the article "Locally scalar reresentations 
of graphs in the category of Hilbers spaces" (Func. Anal, and Appl., 2005) 
authors showed the way to tranfer these results to Hilbert spaces, constructed 
Coxeter functors and proved an analogue of Gabriel theorem fol locally scalar 
(orthoscalar in the sequel) representations (up to the unitary equivalence). 

The category of orthoscalar representations of a quiver can be considered 
as a subcategory in the category of all representations (over a field C). In the 
present paper we study the connection between indecomposable orthoscalar 
representations in the subcategory and in the category of all representations. 

For the quivers, corresponded to extended Dynkin graphs, orthoscalar 
representations which cannot be obtained from the simplest by Coxeter functors 
(regular representations) are classified. 



BBe^eHHe 

Bojiee 30-TH jigt nasafl (cm. [JJ) b pa6oTax H.M. rejibcjaan^a, B.A. IloHOMapeBa, 
n. ra6pHejia h aeTopoB 6biJio noKasano, ^to pa^ npo6jieM jiHHeiiHoii ajire6pbi 
(BOSHHKniHe B TeopHH npe^CTaBJieHHH ajire6p, TeopHH rpynn h MO^yjieii Xapnin — 
Han^pa) ^onycKaroT coflepjKaTejibHoe HsyHenne xaK na nanBHOM asbiKe npHBe^e- 
HHH Ha6opoB MaTpHD; TGMH HjiH HHbiMH flonycTHMbiMH npeo6pa30BaHHHMH, Tax H 
B KaTeropHO-4)yHKTopHbix TepMHnax. OTMeTHM npeflCTaBjiennfl KOJi^anoB h Ha- 
CTH^HO ynopa^OHeHHbix MHOJKecTB. Bmjio flOKasano, b ^acTHOCTH, hto Kone^HO- 
npe^CTaBHMbie (pyHHbie) KOJi^anbi cooTBeTCTByroT rpacJjaM (pacniHpeHHbiM rpa- 

(J)aM) ^blHKHHa. 

B [2j 6biji yxasaH nyTb nepeneceHHH sthx pesyjibTaTOB na npe^CTaBjieHHa 
KOJI^^aHOB B rHjib6epT0Bbix npocTpancTBax, nocTpoenbi (jjyHKTopbi KoKCTepa h 
flOKasan anajior TeopeMbi ra6pHejia fljia jiOKajibHO-CKajiapHbix npeflCTaBjienHii 
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KOJi^aHOB (b ^ajibHeiinieM mm saMenHM TepMHH "jiOKajibHO-CKajiapHbie npeflCTae- 
jieHHfl" [2j Ha TepMHH "opTOCKajiapHbie npeflCTaBjieHHfl'J c^HTaa ero 6ojiee y^aH- 
hmm). B [2] flOKasano, hto y KOJI^^aHOB, cooTBeTCTByromnx pacmnpenHbiM rpa- 
4)aM ^blHKHHa, pa3MepHOCTH nepasjiojKHMbix opTOCKajiapHbix Hpe^CTaBJieHHH He 
orpaHHHeHbi b coBOKyHHOCTH (xaK cjie^yeT h3 [4]- [6] pacmnpenHbie rpa^Jbi ^mh- 

KHHa Cpe^H He KOne^HO Hpe^CTaBHMblX H TOJIbKO OHH He HMeiOT 6ecKOHe^HOMep- 

Hbix HepasjioJKHMbix opTOCKajiflpHbix Hpe^CTaBjieHHii) . Mm ^aeM onncaHHe nepaa- 
jioJKHMMx opTOCKajiapHMx Hpe^CTaBjieHHH fljiH pacniHpeHHMx rpacjjOB /jMHKHHa 
(cm. TeopeMM 1-3), yKasMBaa ne tojibko na hx cxo^ctbo, ho h na otjih^hb ot 
nepasjiojKHMMx npe^CTaBJieHHii TaKHx rpacjDOB b jiHHeiiHMx npocTpancTBax (cm. 
saMeHanne 2). 



1. O HepasjioacHMOCTH b xaTeropHH npe/i;cTaBjieHHH KOJinana h ee 
no^KaieropHH opiocKajiapHtix npe;i;cTaBjieHHH 

HanoMHHM HeKOTopMe OHpe^ejienHfl h (JjaxTM (cm. [7j) 06 opTOCKajiapHMx npe^- 
CTaBjieHHflx KOOTaHOB. KojiHan Q c MHOJKecTBOM Bepmnn Qv, \Qv\ — -a mho- 

o • 

jKecTBOM CTpejiOK Qa HasMBaeTca paadejienHUM, earn Qv — Q\_\Qt ^jia jiio6oii 

o • 

a G Qa ee naHajio ta G Q ti Koneii; ha £ Q. Koji^an Q oduoKpamHuu, ecjiH npn 

o 

a 7^ /3 jih6o ta jih6o ^ hp. BepniHHM h3 Q 6yfleM nasMBaTb uemHUMU, 

m 

113 Q — HenemHUMU. 

• o • o 

riycTb TO = \Q\, n = \Q\, Q = {«i,i2, ■ • ■ ,im}, Q = {ji,«2, ■ • ■ ,jn}- npefl- 
CTaBJieHHe T KOJi^ana Q CTaBHT b cooTBeTCTBne Bepmnne i € Qy KoneHHOMepHoe 
jiHHeiiHoe npocTpancTBO T{i), a CTpejixe a : j ^ i, a £ Qa JinneHHoe OTo6pa}Ke- 
HHe : T{j) ^ T{i). 

Xlpe^CTaBjieHHe T o^HOKpaTHoro pas^ejieHHoro KOJiHana npn (jDHKcnpoBan- 
Hbix 6a3Hcax npocTpancTB T{i), i e Qy, mojkho accoiinnpoBaTb c MaTpHiiefi, paa- 
flejieHHOH na to ropHSOHTajibHMx h n BepTHKajibHMx nojioc, T.e. 6jiOHHoii MaTpn- 
Li,eii 

IlpH 9T0M 6yfleM c^HTaTb, ^to Ti^_j^ = 0, ecjin ne cymecTByeT a £ Qa TaKoii, ^to 

— jk 7 ha — il . 

IlycTb RepQ — KaTeropna npeflCTaBjieHHii KOJiHana Q, oGteKTM koto- 
poii ecTb npe^CTaBjieHHa, a Mop(|)H3M npeflCTaBjienna T b npe^CTaBjieHHe 
T onpe^ejiaeTca xaK ceMeiicTBO jiHHeiiHMx OTo6pa>KeHHii C = {C'ijigg^, 
Ci : Til) T{i), TaKHx, ^to ^jih KajK^oii a G Qa c ta = j , ha — i flnarpaMMa 



Ci 



[c. (1) 



fij) ^ m 
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KOMMyTaTHBHa, T.e. CiTij — TijCj. 

IlycTb npeflCTaBjieHHH T, T saflanbi MaTpniiaMH 



T 



Bee^ieM MaTpHD,bi A = diagjCij , Ci^ , . 
r^a H3 KOMMyTaTHBHOCTH flnarpaMM ^ cjie/iyeT 

AT = TB. 



-n,]ki k=l,7i, l = l,m 



1 C-j 



To- 

(2) 

ByfleM B flajibHefimeM roBopHTb, ^^to C — (A^B). 

IlycTb Ti. — KaTeropHH ynnTapHbix (KoneHHOMepHbix rHjib6epT0Bbix) npo- 
CTpancTB. 06o3HaHHM ^^epes Rep((5, H) noflKaTeropnio b RepQ, oSieKTbi KOTopofi 
ecTb npe^CTaBjieHHa T, ^jia KOTopbix T{i) — yHHTapnbie npocTpancTBa (« S Qv), 
a Mop4)H3Mbi C : T ^ T — Te H3 mop4)h3mob b RepQ, fljia KOTopbix, xpoMe JT]), 
KOMMyTaTHBHbiMH 6y^yT H flnarpaMMbi 

TiaY 



T{j) 

T.e. 6yflyT BbinojinaTbca pabencTBa 

AT = TB, 



Tic)' 



BT* = T*A 



(3) 



(4) 



Xlpe^CTaBjieHHa T, T h3 RepQ (cootb., h3 Rep((3, H)) SKBHBajieHTHbi b RepQ 
(cooTB., B Rep((5,7i)), ecjiH Han^eTCH o6paTHMbiH mop4)h3m C : T ^ T. Mojkho 
noKa3aTb, ^to T uT SKBHBajieHTHbi b Rep((5, H) Tor^a h tojibko Tor^a, Kor^a ohh 
yHHTapHO SKBHBajieHTHbi (cm., nanpHMep, |8j), T.e. o6paTHMbiii mop4)h3m mojkho 
Bbi6paTb cocToaniHM H3 yHHTapHbix MaTpnn; Ci. 

T 



06o3HaHHM Ti — [T,;.j^ ; Ti 



1,31 1 • 



• T 



Tl = 



IIpeflCTaBJieHHe T pas^sjieHHoro o^noKpaTHoro KOJi^ana Q h3 KaTsropHH 
Rep(Q,7i) HasoBBM opmocKaAsipHUM, ecjin KajK^OMy i € Qv conocTaBJieno Bem,e- 
CTBeHHoe HeoTpniiaTejibHoe hhcjio Xij h BbinojiHHiOTCfl cjie^yioiuHe ycjiOBna: 



T ■ T, ' 



Xili 



npH i G Q, (5) 

o 

.J ^j^j npn j e Q, (6) 

3^ecb li — MaTpHD,a eflHHH^Horo onepaTopa b T(i). OpTOCKajiapHoii 6y^eM nasbi- 
BaTb H MaTpHijy npeflCTaBjieHHa T. 

B onpe^ejienHH npeflCTaBjieHnii KOJi^ana Q b Ti. mojkho 6bijio 6bi 0TKa3aTCfl 
OT KoneHHOMepHOCTH npocTpancTB T{i), pacMaTpHBaa h 6ecK0He^^H0MepHbIe npe^- 

CTaBJieHHH. 
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By^eM roBopHTb, ^to Q (opTOCKajiapHo) KOHeuHonpedcmaeuM b 7i, ecjiH Bce 
ero opTOCKajiapHbie npeflCTaBjienHH pacna^aiOTCfl b npHMyio cyMMy (KOHeHHyio 
jih6o 6ecKOHeHHyio) KOHe^^HOMepHbIx npeflCTaBjieHHii, pasMepnocTH HepasjiojKH- 
Mbix npeflCTaBJieHHii orpannHeHbi b coBOKynnocTH h b KajK^ofi pasMepHOCTH ^hc- 
jio HepasjiojKHMbix npe^CTaBJieHHH c flaHHbiM xapaKTepoM Kone^HO. 

Onpe^ejiHM KaTeropnio Repos((5,7i) xax nojinyio no^KaTeropHio b 
Rep((5,7i), o6'beKTbi KOTopoii ecTb opTOCKajiapHbie npe^CTaBJieHHa KOJi^ana Q. 

06o3HaHHM Hepes MP^ jinneiiHoe BemecTBenHoe npoTpancTBO h3 Ha6opoB 
X = (xi) fleiicTBHTejibHbix HHeji Xi [i € G^), sjieMeHTbi x h3 MP^ 6yfleM nasbiBaTb 
G-BeKTopaMH. 

OpTOCKajiflpHOMy npeflCTaBjienHio T paa^ejieHHoro oflHOKpaTHoro KOJi^a- 
Ha Q conocTaBHM ^Ba 7V-MepHbix G-BexTopa {N = m + n): paaMepHocmb 
^ — {d{j)}jeQ^ npe/ICTaBJieHHfl T, r;ie d{j) — dimT(j), h xapanmep x — 
{x(j)}jeQ„, x{i) — Xj onpeflejieHbi Bbime (cm. I^, Jlfia opTOCKajiapHbix 

npe^CTaBJieHHH T n T SKBHBajienTHbi, ecjin cymecTByroT Taxne yHHTapnbie MaT- 
pH^bI U = diag{C/ii ,Ui2,...,Ui^} nV = diag{ ,Vj^,..., Vj^ } , hto 

UT = TV, HJiH 
T ■ — U- T V* 

IlpeflCTaBjieHHe T 6yfleM naabiBaTb mypoecKUM (brick) b KaTeropHH RepQ 
(cooTBeTCTBeHHO Rep((5,7i), Rep^g^Q^H)), ecjin ero kojibiio 3HflOMop4)H3MOB b 
3TOH KaTeropHH oflHOMepHO (h30mop4)ho C). O^eBH^HO, ecjiH T — mypoBCKoe 
npe^CTaBJieHHe, to T HepasjiojKHMO (b cooTBeTCTByionieii KaTeropHH). Ecjih T — 
HepasjiojKHMoe b KaTeropHH Rep((5, 7i), to oho b neii mypoBCKoe. ^eficTBHTejibHO 
ajire6pa 2t — EndT ecTb KOHeHHOMepnafl *-ajire6pa. Ecjih C = (A, B) e EndT 
TO C* = {A*,B*). Ecjih C G Rad2l, to CC* = {AA*,BB*) G RadSl h CC* - 

HHJIbHOTeHTHblH SJieMeHT, HOSTOMy AA* , BB* HHJIbHOTeHTHbie H HOJIOJKHTejIbHbie 

onepaTopbi. Sna^HT, G = (0,0), h ajire6pa 2t HOJiynpocTaa. C ^pyrofi CTopoHbi, 
ajire6pa 21 — jiOKajibna, KaK ajire6pa 3h^omop4)h3mob nepasjiojKHMoro npe^CTaB- 

JieHHH. SHa^THT, 21 ~ C. 

IIpe^CTaBJieHHe T KOJi^ana Q nasbiBaeTca moHHUM ecjiH T(i) ^ npn 
Bcex i G Qv HocumeACM HpeflCTaBjienna T Ha3biBaeTCfl mhojkcctbo = {i G 
Qv I T{i) 0}. XapaKTep Hpe^CTaBjienHH OHpe^ejien 0flH03HaHH0 na hochtcjic 
Hpe^CTaBjieHHH (h HeoflH03Ha^HO bhc HOCHTejia). Ecjih = Qy, to xapaK- 
Tep opTOCKajiapHoro npe^CTaBJienHH onpe^ejieH oflHOsnaHHO h o6o3HaHaeTCfl xt, 
B o6LLi,eM cjiyHae o6o3Ha^HM Hepes {xt} MHOJKecTBO Bcex xapaKTepoB npe^CTaB- 
jieHHH T. HcHO, ^TO ecjiH T H T ynHTapno SKBHBajienTHbi, to {xt} = {Xf}- 

KaTeropHfl RepQ^((5,7i) ecTb (nenojiHaa) HOflKaTeropna KaTeropHH Rep((5). 
ycTanoBHM CBH3b MejK^y HepasjiojKHMbiMH o6T3eKTaMH 3THX KaTeropHH. OcHOBHOii 
BOHpoc: ocTaneTCfl jih nepasjiojKHMoe opTOCKajiapHoe npe^CTaBJieHHe nepasjiojKH- 
MbiM B KaTeropHH Rep((3), h nocKOJibKy, KaK mm OTMCHajin, Hepa3JiO}KHMbie b 
R'6Pos((5,H) Hpe^CTaBjieHHH ecTb mypoBCKne, ocTanyTca jih ohh mypoBCKHMH b 
KaTeropHH Rep((5)? 



Orthoscalar representations of quivers 



5 



BTopoii nyHKT HHJKenpHBe^eHHoro yTBepjK^eHHfl ^OKaaan b [7J. 

TeopeMa 1. Uycmb Q paadejienHuu odHOKpamHuu koahuh. 

(a) EcAU T , T <E Repgg{Q,H) — npedcmaeAeHUM c oduHanoeuM xapanmepoM u 
T sKeueaAenmHO T e Rep{Q), mo T aKeueaAenmHO T e Repog{Q,TL); 

(b) EcAU T — HepasAoaicuMoe npedcmaeAeuue e Repog{Q,'H) mo T — uepasAO- 
ofcuMoe, 6oAee mozo, mypoecKoe u e Rep{Q). 

^OKasaTejibCTBO TeopeMM [1] onnpaeTca na cjieflyiom,He BcnoMoraTejibHbie 
yTBepjK^eHHH. 

JleMMa 1. Uycmb C — {A, B) — Mop(fiu3M npedcmaeAenuM, T e T e namesopuu 
Rep{Q), m.e. eunoAHJiemcM paeencmeo 

AT = TB, 

u A,B ecmb ynumapnue omo6pacHceHUM. Tozda C — {A, B) ecmb MopcfiuaM nped- 
cmaeACHUiiT e npedcmaeAeuue T u e namesopuu Repgg(Q,T-L) m.e. eunoAHAmmcsi 
u paecHcmea 

BT* = f*A. 

JJ,OKa3ameAbcmeo. Hs ([2]) cjie^yeT T*A* = B*T* hjih, yHHTbiBaa yHHTapnocTb A 
H B, HMeeM T*A~^ = B~^T*. IIosTOMy 

BT* = f*A. 

□ 

JleMMa 2. Uycmb C ~ {A, B) Mop(f}U3M npedcmaeACHUsi T e ccSm, (andoMopcfjuaM 
npedcmaeACHUM T ) e nameeopuu Rep{Q), m.e. 

AT = TB (7) 

u A, B — caMOConpMOKeHHue onepamopu. Tozda C = {A, B) ecmb andoMopcfjuaM 
npedcmaeACHUJi T u e namezopuu Rep{Q,T-L), m.e. u 

AT* = T*B. (8) 

JJoKaaamcAbcmeo. /JencTBHTejibHO, ([8]) nojiy^aeTca h3 ([7]) onepaiineii conpajKe- 
HHa. □ 

JleMMa 3. ([7\) Uycmb Z = j=i,„, W = K] ,=i,™, j=i,„_^- 

MampuVfU Had noACM C, UMCwinue oduuaKoeue noAootcumejibHue Oauhu (\x\, 
\y^\) coomeemcmeyminux cpoK u coomeemcmeywmux cmoA6i^oe. Uycmb A = 
diag{ai, 02, ... , a„i}, B = diag{bi, 62, ... , 6„} — MampuvfiL Had E, > 0, bj > 
npu i = l,m, j = 1, n, u nycmb AZ = WB. Tozda Z — W . 

J^OKaaameAbcmeo. 06o3HaHHM ^epes K hhcjio HenyjieBbix sjieMenTOB b KajK^oii 
H3 MaTpnu; W . /^OKasaTejibCTBO jieMMbi[3]npoBOflHTCfl ([7]) HH^yKiiHeH no Tpoii- 
KaM T^Hceji (rn,n,K); CHHTaa, hto (mi, ni, iiTi) < {m2,n2, K2), ecjin mi < m2, 
Til < 712 H xoTa 6bi oflHO HepaBencTBO CTporoe, jih6o ecjin mi — m2, ni = n2, 
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HO Ki < K2. Easy vmflyKuvm nojiy^aeM npn m = 1, jih6o n = 1, jih6o 
K = max(TO, n). □ 

J],OKa3amejibcmeo meopeMu[^ 

(a) IlycTb C = {A, B) ocymecTBjiaeT SKBHsajieHTHOCTb npeflCTaBjienHii T, T 
H3 Repos((5, TL) B KaTeropHH Rep((5), T.e. AT = Ti? [Am B o6paTHMbie MaTpHijbi). 
IlycTb A — XU , B = VY — nojiapHbie pasjioJKeHHH MaTpHD; A vi B, r^e U,V — 

yHHTapHbl, X,Y — nOJIOJKHTejIbHbie HeBbipOJKfleHbie MaTpHIIbl (npH 3TOM MOJKHO 

CHHTaTb, HTO U, V, X, Y HMeiOT TaKyK) }Ke 6jiOT^HO-flHaroHajibHyK) CTpyxTypy, xax 
A n B). IlycTb, KpoMe Toro, 

X = U*XUi, Y = ViYV*, 

r^e Ui,Vi - yHHTapHbie MaTpniibi, X,Y — ^HaroHajibHbie MaTpniibi c nojioJKH- 
TejibHbiMH HHCJiaMH Ha flHaroHajiH. Tor^a 

UlXUiUT = fvViYV^ (9) 



X(UiUTVi) = {UiTVVi)Y. 

Tax KaK fljiHHbi cooTBeTCTByioinHx CTpoK H ctoji6li;ob MaTpHu; UiUTVi h UiTVVi 
paBHbi B CHjiy npeflHOJioJKeHHH, to ho jigmmg 3 

UiUTVi ^ UifvVi, 

a Tor^a, nocjie coKpamennH, 

UT = TV, (10) 

H npe^CTaBJieHHfl T nT SKBHBajieHTHbi b Repoj,((5, 7i) no jieMMe 1. 

(b) IlycTb T-mypoBCKoe npe^CTaBjienne b Repos((5, 'H)iiG — {A, B) £ EndT 
B Rep((5). MojKHO CTHTaTb, ^TO A n B HeBbipojK^enbi (npH6aBjiaH b CJIy^^ae 
Heo6xoflHMOCTH K A VI B noflxoflflm,ee Kpainoe eflnnn^noro onepaTopa). Tor^a 
no lfTO|) npn T — T n3 Toro, hto ([/, V) ecTb 3h^omop4)H3m npeflCTaBJiennfl T 
B RepQg((5, 7i), cjie^yeT hto U hV KpaxHbi e^HHHHHOMy onepaTopy (c o^nnM h 
TeM jKe CKajiHpoM b KaHecTBe coMHOJKHTejiH) . CoKpam,afl paBencTBO ([9]) na stot 
CKajiflp, Mbi nojiyHHM 

XT = TY, 

r^e X nY — caMOConpajKennbie onepaTopbi, a Tor^a no jieMMe 2 ns-sa mypoBOCTn 
T B RepQg((3,7i) onepaTopbi X mY CKajiapnbi (c oflHHM n tgm jkg CKajiapoM); 
cjieflOBaTejibHO, TaKHMn 6yflyT n onepaTopbi A = XU vi B = VY . Sh&hwi T — 
nepasjioJKHMoe mypoBCKoe npe^CTaBjienne b Rep((3). 



Orthoscalar representations of quivers 



7 



2. PasMepHOCTH nepasjioacHMtix opTOCKajiapHbix npeflCTaBjieHHH 

C KOOTaHOM Q CBasana ^opjua Tumca q{x) na M*^" : ecjin x G , to 

H3 pa6oTbi |9] cjie^yeT, ^to pasMepnocTH nepasjiojKHMbix (b Rep((3)) npe/iCTaB- 
jiennii KOJi^^aHa Q coBna^aroT c nojio>KHTejibHbiMH KopuMMU cooTBeTCTByroniero 
rpacjja G = G{Q), npn^eM, ^jia rpacjjOB /JbiHKHHa n pacmnpenHbix rpa(J)OB ^mh- 
KHHa TaKHe kophh coBna^aiOT b tohhocth c pemeHHSMH ypaBneHHii q{x) = 1 h 
q{x) =0,x£ Z'^" (s^ecb Z^" ^ {x e lP-\x ^ 0,Xi > 0}). KopHH x npn q{x) = 1 
nasbiBaiOTCfl deucmeumeAbHUMU a npn q{x) = — mhumumu. MnnMbie Kopen 

KpaTHbl MHHHMajIbHOMy MHHMOMy nOJIOJKHTejIbHOMy KOpHK) 5 — 5q. 

m o 
<l>HKCHpyeM HyMepaD,HK) BepniHH B Q — {il,i2, ■ ■ ■ ,im},Tl Q — {ji,'i2, ■ ■ ■ , jn} 
(fljiH onpe^ejieHHOCTH 6yfleM CHHTaTb hto ysjiOBaa TO^xa, ecjin ona o^na, jiejKHT 

• o 

B Q] 6yfleM BepniHHbi h3 Q o6o3Ha^aTb TaxjKe xax im+k — jk, k e i,n). IlycTb 
X g R*?", Xk = x{ik), npn k G l,m + n, c— npeo6pa30BaHHe KoKCTepa na MP" , 
c = o-i^+m ■ ■ -0-12^11^ {(^ik{x))k = -Xk + xi, (CTjJa;)); = X/ npn I ^ k. Hcho, 

l,il-ih 

T^TO cr^ = id npn i € l,n + m. IIosTOMy = o'ijCri2 ■■■o'j„+m- By^ieM TaxjKe 
nojib30BaTbCfl o6o3Ha'^eHH^^MH c = ■ ■ ■ ai^Ci-^, c = cri„,+„ • • • ^ Ha3bi- 

BaTb 3TH npeo6pa30BaHHfl OTpajKennHMH KoKCTepa (c^ — id, = id). 06o3HaHHM 
Cfc = ^^^^^^ccc, Cfc — ^^^^^ccc, /c e N. BeKTop a; G K.'j''' pezyAsipeH, ecjin c*(x) G M'j^'' 
fc pas pas 

npn J11060M i e Z H cumyAJipeH b npoTHBHOM CJIy^^ae (TepMHHOJiornH bocxo^ht k 

m)- 

Xlpe^CTaBjieHHe T KOJiHana Q cumyMpno, ecjin T Hepa3Ji0JKHM0, Kone^- 
HOMepHO H ero pasMepnocTb d — CHHryjiapHbiii BexTop; T pezyAMpno, ecjin T 
HepasjiojKHMO, KoneHHOMepHO h ne CHHryjiapHO. 

IlyCTb Sq = {Si, . . . , (5m, Sm+l, ■ ■ • , <5m+n)- HoCTpOHM JIHHeilHyiO 4)opMy 

Lg(x) = ^ 5fea;fe - ^ (5m+fca:™+fc, xeM.'^". 

• o 

CnpaBefljiHBO yTBep^Kflenne (cm., nanpHMep, [Hj): nycTb G — pacmnpeHnbiii 
rpacj) /JbiHKHHa; fljia Toro ^^toGm Kopenb x £ MP" 6biji CHHryjiapen, Heo6xoflHMO 
H flocTaTOHHO, ^To6bi Lg{x) 0. 

OTMeTHM, ^TO y rpacjja ^biHKHna Bce KopnH ^eiiTBHTejibHbi h CHnryjiapHbi, 
y pacmnpeHHoro rpa(J)a ^biHKHna Bce MHHMbie KopnH peryjiapHbie, a bot ^eii- 
CTBHTejibHbie KopHH pa36HBai0Tca na ^Ba copia (fleiiCTBHTejibHbie CHHryjiapnbie 
H fleiicTBHTejibHbie peryjiapHbie) . /Jjia KOJIa^^aHa Q, rpacj) KOToporo G ecTb pac- 
niHpeHHbiH rpatj) /JbiHKHHa, cnpaBefljiHBO yTBepjKfleHne: 
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JleMMa 4. (cm. [12]^ Ecjiu T ecmh nepaajiocHCUMoe e Rep{Q) pezyAsipuoe nped- 
cmaeAeHue KOMuana Q, spa(fi G Komopozo ecmb pacmupeHHUu gpa(fi ^uhkuho, mo 
T — mypoecKoe npedcmaeAenue moeda u moMKO mosda Kozda diniT — d < Sg- 



^OKajKeM cjie^yiomee yTBepjKfleHne: 

JleMMa 5. Uycmb G — pacuiupeHHUu zpa^) /Juhkuhq, d E Z'^ nopeub epacpa G, 
ydoejiemeopxwinuu ycjioeuw d < oq. Toeda au6o d — HemoHHUu Kopeub (odna 
U3 KoopduHam nyAeeuM), au6o nojiyuaemcM, U3 neKomopozo nemoHHOzo KopuM d 
npuMCHCHueM ompacmzeHuu KoKcmepa cue. 

/^OKaaameAbcmeo. ^ocTaTOHHO noKasaTb, ^to TaKoii to^hmh Kopenb mojkho ot- 
pajKeHHHMH KoKCTepa npeo6pa30BaTb b HeTOHHbiii Kopenb d. 
PaccMOTpHM rpa4) 




IlycTb d — {dai , da2, dzi, ■ ■ ■ , dz„_3, db^ , dha)- Kax HSBecTHO, 

= 5 2 2 ... 2 2 J 

(KOopflHHaTbi BeKTopa pacnojiararoTCfl Tax ace, xax cooTBeTCTByiomHe BepniHHbi 
B rpa4)e). Tax k&k d — to^hmh Kopenb, to dai — da2 — db^ — db^ =1. HasoBeM 
omMeneHHUM nepBbifl HH^eKC fc, ^Jia KOToporo Xz^, = 1 (x.e. Xz^ — Xz^ = ■ . ■ = 

Xzk-i = 2)). IlycTb, fljifl onpe^ejieHHOCTH, Zk-i G G. Tor^a y cd KOop^HnaTbi 

Xan Xa2, Xzi, ■ ■ ■ iXz^-^ COBnaflaiOT C COOTBeTCTByiOmHMH KOOpflHHaTaMH BeKTopa 

d, a a;z^_j = 1, T.e. OTMeHeHHbiii HH^eKC yMenbinaeTCH na e^HHHiiy. IIpHMeHHa 

K cd npeo6pa30BaHHe c, npoflOJiJKHM stot npoiiecc. B pesyjibTaie mm npn^eM k 
BeKTopy, y KOToporo OTMeHeHHbiii HH^eKC paben 1, a CTajio 6biTb na cjie^yromeM 
mare nojiyrHM BeKTop, y KOToporo Xa^ = Xa^ = 0, 3to h 6yfleT ncKOMbiii HeTO^Hbiii 
BeKTop d. 

/^jia rpa4)0B Eq, Ej, Eg pesyjibTaT mojkho nojiyHHTb anajiorHTrHbiMH paccyjK- 
fleHHHMH HjiH, B KpaHHeM cjiy^aG, npaMbiM nepe6opoM (nojioJKHTejibHbix Kopneii 
d TaKHx, ^To d < Sg, KoneHHoe hhcjio). 

=(1,1,...,1), Tax HTO H3 ycjiOBHH d < cjie^yeT, ^to o^na h3 Koop- 
flHHaT HyjieBaa h d ecTb neTOHnmpL bexTop. □ 
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3. $yHKTopbi KoKCTepa h opiocKajiapHtie npe/i;cTaBjieHHa, 

paSMepHOCTH KOTOpblX eCTb /i;eHCTBHTejIbHMe KOpHH 

IlycTb g € Qi, H Ilg — npocTeiimee npeflCTaBjienne KOJiHana Q : Tlg{g) — C, 
ng(i) — npn i ^ g, i € Qv Scho, ^to ecjin fg — xapaxTep npe^CTaBJienHH Ilg, 
TO fg{g) — 0; 6y^eM npe^nojiaraTb, hto fg{i) > npn i ^ g. 

06o3HaHHM ^epes Rep((5, d, x) nojinyio noflKaTeropnio nepasjioJKHMbix npe^- 
CTaBjiennii h3 RepQg((3,7i) c 4)HKCHpoBaHbiMH pasMepnocTbio d h xapaxTepoM 
X- EcjiH B Rep((5,fi, x) ne bxo^ht npocTeiimee npe^CTaBJieHne, to x(*) > A-na 
d{i) 7^ (b CHJiy HepasjioacHMOCTH npeflCTaBJieHnn) . 

• o 

B [2j 6bijiH BBe^eHbi ^yuKmopu ompacHceHuu KoKcmepa F n F: 
F : Rep(Q, d, x) -> Rep((9, c{d), x), 
F : Rep(Q, d, x) -> Rep((9, c{d), x), 

r^e 



(11) 



(12) 



-d{i) + d{j) npn i g Q 

c?(i) = c{d){i) = ■( 

npn i £ Q 
-d{i) + E npn i € Q 

d(i) npn i £ Q 



, -X{i) + E XU) npn i e 
X(i) = <( Jy"-' 

X(j) npn i ^ 

O 

-Xii) + E X(j) npn i £ Ql 
Xii) = { r-o-i 

X(z) npn i ^ Ql 
(s^ecb = Q^nQvi Ql ^Qlr\Q). 

• o 

F M F ecTb 4)yHKTopbi SKBHBajieHTHOCTH KaTeropnii, h mojkho npoBepnTb, 
^TO Hx ^ByxpaTHoe npHMeneHne npnBO^HT k (jsyHKTopy, SKBHBajieHTHOMy TOJK^e- 

CTBeHHOMy. 

o o • o • 

B flajibHeiimeM 5y^eM nojibsOBaTbca o6o3HaHeHHHMH Fk = ^ ■ ■ F^FF^ , Fk ~ 

k pa3 

• o • 

, . . FFF . 

k pa3 
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SaMCHaHue 1. B |2] (jjyHKTopbi OTpajKenHii KoKCTepa bbo^htca b npe^nojiojKe- 
HHH, ^TO rpacj) G KOJiHana Q ne co^epjKHT iihkjiob. KoHCTpyKiina (jayHKTopoB F , 

o 

F npaKTHHecKH 6e3 H3MeHeHHii nepenocHTca na Bce o^HOKpaTHbie pasflejienHbie 
KOJiT^aHbi, H fljin HHx HMeiOT MecTO 4)opMyjibi (|lim2p . 

IlycTb T £ Repos((3, 7i), Qy — HOCHTejib, dr = drii) — pasMepnocTb, 
{xt — Xt(*)} — xapaKTep npe^CTaBJieHHH T (nanoMHHM, ^to Bne oh onpe- 
flejien Heo^H03Ha^Ho) . By^eM npn^aBaTb xt(*) npn i £ Qy \ npoHSBOJibHbie 
nojiojKHTejibHbie 3Ha^eHHa, TaKHM o6pa30M xt Sy^eT 3aBHceTb ot \Qv \ — \ Qv\ — 
nojioJKHTejibHbix napaneTpoB. 

JXoKayKBM TeopeMy, 



Teopeina 2. Ecau Q ecmb paadeAeuHuu odHOKpamHuu koahuh, zpa(p G Komopozo 
ecmb zpa(p /^uhkuho, jiu6o pacuiupeHHUu zpa(p /J^uhkuhu, d = {di\i^Q^ ezo toh- 
Hbiii (m.e. di > 0) fleiicTBHTejibHbra Kopenb, mo nepaajiocHCUMue opmocKajisipHue 
npedcmaejieHun KOJinaua Q e pasMepnocmu d aaeucnm om — 1 noAOCHCumejib- 
Hux napaMempoe. 



JJ,OKa3amejihcmeo. a) IlycTb d — ^eHCTBHTejibHbiH CHHryjiapHbiH Kopenb rpacjja G 
H r — HepaajioJKHMoe opTOCKajiapnoe npe^CTaBjieHHe paaMepnocTH d, d nojiy^a- 
eTCfl H3 HeKOToporo npocTeiimero Kopna dg = (0, 0, . . . , 1, 0, . . . , 0) OTpajKeHHSMH 

KoKCTepa c, c (1 cooTBeTCTByeT BepniHHe g). IlycTb, fljia onpe^ejieHHOCTH, g G G. 

Tor^a fljifl HeKOToporo k £ N, d = Ckdg, a T = FkiHg). Hg aaBHCHT ot \Qy\ — 1 
nojioJKHTejibHbix napaMGTpoB (nojioJKHTejibHbix sna^eHHii xapaxTepa b BepniHHax 

i ^ g). Ot HHX >Ke 3aBHcaT CKajiapHbie onepaTopbi T ■ T* npn i G Q h T'^* ■ Tj 

o 

npn j £ Q B HenyjieBbix npocTpancTBax. CooTBeTCTBne MejK^y Ha6opaMH napa- 

MBTpOB H Hepa3JIOJKHMbIMH OpTOCKajIflpHblMH Hpe^CTaBJieHHHMH B pa3MepHOCTH d 

0.0. °» 

B3aHMHOOflH03HaHHoe B CHjiy oopaTHMOCTH HpeoopasoBaHHH c, c, X h ^■ 

6) IlycTb d — fleficTBHTejibHbiH peryjiHpHbiii Kopenb rpa4)a G (flJia pacniH- 
peHHoro rpacjja ^biHKHna) h T — Hepa3Jio>KHMoe opTOCKajiapnoe npe^CTaBJienHe 
pa3MepH0CTH d. Ecjih d — TOHHbiii Kopenb, to no jieMMe 5 oh HOJiynaeTca h3 hcko- 
Toporo HBTO^Horo Kopna d OTpajKennaMH KoKCTepa c, c. IlycTb (fljia onpe^ejien- 
hocth) d ~ Ckd. OpTOCKajiapHoe npe^CTaBjieHHe T b pasMepHOCTH d mojkho pac- 
CMaTpHBaTb KaK TOHHoe npeflCTaBJieHHe KOJi^^aHa, cooTBeTCTByiomero rpa4)y ^mh- 
KHHa. Ecjih — HOCHTejib Hpe^CTaBJieHHa T, to T 3aBHCHT ho BbimeH3Ji0}KeH- 
HOMy ot IQ^I — 1 HOJioJKHTejibHbix HapaneTpoB. Sna^eHHa xapaKTepa npeflCTaB- 

JieHHH T B TO^KaX Qy \ HOJIOJKHM paBHblMH Hp0H3B0JIbHbIM HOJIOJKHTejIbHblM 

o ~ ~ 

HHCJiaM: T = Fk{T), npe^CTaBjieHHe T saBHCHT ot \Qv\ Qv \ + \ Qv\ ^ 1 = IQuI ^ 1 

HOJIOJKHTejIbHblX HapaMBTpOB. □ 
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4. OpTOCKajiapHtie npe^ciaBjieHHa, pasMepnocTH KOTopux ecTb 

MHHMbie KOpHH 

IlycTb Q — pas^ejieHHbiii oflHOKpaTHbiii KOJiHan, rpa4) KOToporo G ecTb pacmn- 
peHHbiH rpacj) ^biHKHHa. H3 TeopeMbi 1 h jieMMbi 4 cjie^yeT, ^to e^HHCTBeHKbiii 

MHHMblH KOpeHb, KOTOpblH MOJKeT 6bITb paSMepHOCTbK) HepaSJIOJKHMOrO OpTOCKa- 

jiapnoro npeflCTasjieHHa KOJinana Q ecTb 5g- 

^OKajKeM TeopeMy aHajiorHHHyro TeopeMe 2, ho OTHOcaniyiocH k mhhmmm 
KopnaM rpa4)a G (saMeTHM, hto b cjiy^ae xt = fl-na rpacjjOB D4, Eq, na 
flpyroM flSbiKe h ^pyrnMH MeTO^aMH yHHTapnaH KjiaccncjjHKaiiHH HepasjioJKHMbix 
npeflCTaBjieHHii nojiy^ena b |13|-|15)). 

TeopeMa 3. Ecau Q ecmb paadejieuHuu odHOKpamHuu koahuh, zpacfi G Komoposo 
ecmb pacmupeHHUu zpacfi JJuhkuhu, mo e paaMepnocmu Sg uepaaAOCHCUMue op- 
mocKUAJipHue npedcmaejieuun KOJinana Q aaeucam om \Qv \ + 1 nojioatcumejibHux 
napaMempoe. 

TeopeMy floxajKeM (J)aKTHHecKHM onncaHneM Bcex nepasjioJKHMbix npe^CTaB- 
jieHHH yKaaaHHbix KOJi^anoB b pasMepnocTHx Sg- 

a) IlycTb G = An — u,hkji c n BepniHHaMH. H3 npe^nojioiKeHHa o paa^ejieHHO- 
CTH H o^HOKpaTHOCTH KOOTaHa cjie^yeT, ^TO n HBTHoe H n> 4. =(1,1,..., 1). 
IIpeflCTaBJieHHe T b pasMepnocTH aa^aeTca n HenyjieBbiM KOMnjieKCHbiMH ^hc- 
jiaMH. IlepexoflOM k yHHTapnosKBHBajieHTHOMy npeflCTaBjienHio n—1 hhcjio mojk- 
HO c^ejiaTb nojio>KHTejibHbiM (\Qv \ — 1 napaMeip); ^onycTHMbie npeo6pa30BaHHfl, 
He MeHfliom,He SHa^ennfl sthx napaneTpoB, ne MenaiOT h n-e hhcjio (saBHcaniee 
OT 2-x nojiojKHTejibHbix napaMBTpoB — apryMBHTa h MO^yjifl). TaKHM o6pa30M, T 
saBHCHT OT n napaMeTpoB, npHHHMaroninx npoHSBOJibHbie nojiojKHTejibHbie snaHe- 
HHH, H oflHoro napaMeTpa 0, npHHHMaioin;ero 3Ha^^eHH^^ na OTpeaxe (0, 27r], T.e. ot 
\Qv\ + I = n + 1 napaMeTpoB. 



IlycTb T — HepaajiojKHMoe opTOCKajiapHoe npe^CTaBjieHHe paBMepnocTH Sg 
cooTBeTCTByiomero pas^ejienHoro KOJi^ana Q. JXjih onpeflejienHOCTH, 6yfleM chh- 

TaTb, ^TO Cl € Q. 

^Jia yflo6cTBa BBe^en o6o3HaHeHHa h HyMepaD;Hio MaTpnu, npe^CTaBJiSHHa 
cjie^yioniHM o6pa30M: 



b) nycTb G = £»„ {n > 4): 




1 
1 



2 2... 





3 



npn n ^eraoM h 



npn n neHeTHOM. 



C3,C2 I 
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PaccMOTpHM cjiyHan HGTHoro n. Xlpn n — A opTOCKajiapHbie HepasjiojKbiMbie npe^- 
CTaBjieHHa rpa4)a Q b pasMepnocTH 6j^^ saeHcaT (cm. [T|) ot 6 — \Qy \ + I nojio- 
jKHTejibHbix napaMeTpoB. 

IlycTb n > 4. ^onycTHMbiMH (yHHTapHbiMn) npeo6pa30BaHHflMH MaTpnu, 
npe^CTaBjieHHa MaTpniibi Xi, X2, ■ ■ ■ , Xn-i mojkho ^HaroHajiHSHpoBaTb c hgot- 

X^ 



pHiiaTejibHbiMH HHCJiaMH Ha flHaroHajiax. IlycTb A — [Ai\A2], Xi = 







B = [ Bi \ B2 ], i = 1,71 — 4. Tor^a h3 ycjiOBHii opTOCKajiapnocTH npe^CTaBjie- 
HHa Mbi jierKO nojiy^aen, hto MaTpniibi AA* h BB* TaKJKe flHaroHajibHbi. IlycTb 



AA* 







BB* 



7/2 

Vn-S 



(13) 



Tor^a ycjiOBHH opTOCKajiapnocTH Bbirjia^aT Tax: 



Xq 





+ 











yf+i 



tCi + l-'Ci+l I 



« e 0, n - 4, 



H no3TOMy x^ 



yf + yf+i, a 3Ha^HT 



(14) 



EcjiH Xq — yQ (jih6o x'j — ?/| fl,jisi jiK)6oro (J^HKCHpoBanoro j), to h3 lfT4|) cjie^yeT, 
^^T0 a:f = yf ^Jia i G 0, n — 3. B stom cjiy^ae MaTpHija 

[ A,\A2\Bi\B2] (15) 

sa^aeT opTOCKajiapHoe npe^CTaBJieHHe T KOJiHana Q, cooTBeTCTByromero rpacjjy 
-D4, H npH nepexofle k SKBHBajieHTHOMy npe^CTaBJieHHio KOJi^ana Q, ne Menara- 
meny npHBe^eHHoro BH^a MaTpnii Xi, mm ^OJIy^^aeM nepexofl k npeflCTaBjieHHio 
KOJi^ana Q, SKBHBajieHTHOMy npeflCTaBjieHHio T. TaxHe npe^CTaBjienHa KOJi^ana 
Q, KaK Mbi OTMeTHJiH BbiHie, saBHcaT He 6ojiee, hbm ot 6 napaneTpoB. Cootbct- 
CTByromne npe^CTaBJienna KOJi^ana Q (y^HTbiBaa napaMCTpbi xi, X2, ■ ■ ■ , Xn-A h 
(fT4| ) saBHcaT ne 6ojiee hbm ot 6 + (n — 4) = n + 2 = |(5i,| + 1 napaneTpoB. 

IlycTb Xi 7^ yi npn i G 0, n — 3 h {Ui)i£G^ ocymecTBJiaiOT SKBHBajieHTHOCTb 
npe^CTaBJieHHa T c opTOCxajiapHbiM npe^CTaBJieHHeM T, ^jia KOToporo Xi = Xi, 
I S 0, n — 4 (Ui — yHHTapHbie MaTpniibi). B stom cjiyHae jierxo y6e^HTCfl, hto 



Ui 







Vi 



ail 


ai2 


611 


bi2 


021 


022 


621 


b22 



TaKHMH npeo6pa30BaHHaMH b MaTpHije [ ^ | i? ] 

MOJKHO Bce ejieMGHTbi, xpoMe 2-x, ^jia onpeflejieHHOCTH, 621 h 622, c^ejiaTb Beme- 
CTBeHHbiMH, H napaMeTpHSOBaTb cjieflyiomHM o6pa30M: 



[A\B] 



Xq cos 01 


Xq sin 01 


Xn-3 COS 02 


Xn-3 sin 02 


yosin^i 


-yo cos 01 


?;„_3sin 026*^ 


-y„_3C0S 026* 
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(s^eCb MM BOCnOJIbSOBajIHCb TeM, HTO 

AA* - _ , 
Vo 



BB* 







Vn-S 



)■ 



TaKHe npeflCTaBjieHHH saencHT ot n + 2 = \Qy \ + 1 nojioxHTejibHMX napa- 
MeTpoB xo, xi, ...,a;„_3, yo, (t>i, 4>2, 0. 

CjiyHaii neHeTHoro n HsyHaeTca aHajiorHHiio c saMenoii MaTpniibi 
[ Ai I yl2 I Bi I ^2 ] Ha MaTpH^y [ Ai | | B^ \ B* ] 

c) IlycTb G = Eg; cooTBeTCTByiomHH pasflejienHbiii KOJiHan Q nneeT bh^ 



b2 



ai 



a2 



C2 



Cl 



^ Eq 



1 2 



2 1 



IlycTb T — Hepa3Jio>KHMoe opTOCKajiapHoe npeflCTaBJieHne KOJiHana Q b pas- 

MSpHOCTH 5^^, 



T 














Bi 





Ai 








A2 


B2 


C2 



3flecb Ai = Ta^^a^; Bi = Tb^^^^; Ci 



-^ci,c2) A2 



B2 



' 2,62 i 



Co 



'-Z,C2- 



MaTpnija Ai HMeeT pasMepnocTb 1x2. YHHTapHbiMH npeo6pa30BaHHfl- 
MH CTOJi6u,OB npHBe^BM 66 K BHfly Ai = [0 xq], xq > 0. YHHTapHbiMH np6- 

aii ai2 

o6pa30BaHHflMH CTpoK MaTpHiiy A2 



021 
031 



022 

032 



MO>KHO npHBeCTH K BHfly 



xi ai2 

A2 = 022 

032 
cjieflyeT ai2 = 0. 



xi > H H3 opToronajibHOCTH ctoji6li;ob MaTpHijbi 



Ai 



Xl 





bii 


bi2 


Cll 


C12 





022 


b2i 


622 


C2I 


C22 





O32 


bai 


'>32 


C3I 


C32 



£> = [ I ^2 I C2 ] 



ynHTapiibiMH npco6pa30BaiiHaMH CTOJT6ri;oB (iic MCiiaa A2) mojkiio ^o6HTbca, hto- 
6bi bii = 0, Cll = 0; 612 ^ 0, C12 ^ 0, HHa^e, mojkho npoBepnTb, npe^CTaBjieHHe 
pa3Jio>KHMo; flonycTHMbiMH npeo6pa30BaHHHMH mo>kho c^ejiaTb 612 n C12 nojio- 

>KHTejIbHbIMH. yHHTapHblMH npeo6pa30BaHHflMH flByX nOCJieflHHX CTpOK MaTpniibi 
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D MOJKHO cflejiaTb 622 = 0, a Tor^a h3 opToronajibHOCTH nepsbix flsyx CTpoK 
nojiy^HM, ^TO C22 = 0. IlTaK, 







Xl 








hi2 





C12 


C2 ; 







a22 


hi 





C21 












032 


hi 


632 


C31 


C32 



SHa^eHHfl xapaKTepa Xi (* € Qv) CBflsanbi cooTHomeHHeM 

Xai + Xbi + Xci + 'iXx = 2(Xa2 + Xfc2 + Xcs) 

(cjie/iyeT cyMMy KsaflpaTOB MOflyjieii MaTpn^Hbix ajieMeHTOB MaTpniibi T no^c^H- 
TaTb flByMH cnoco6aMH — cnaHajia CKJia^biBaa sth KBa^paTbi MO^yjieii no CTpo- 
KaM, a noTOM no CTOJi6n,aM). 9to ^aeT BOSMOJKHOCTb nepeiiTH k nopMnpoBanHOMy 
npe^CTaBJiennio co anai^eHHeM xapaKTepa Xz = 1, no^ejiHB Bce MaTpHn,bi npe^- 
CTaBjieHHfl Ha Oflno n to jkg hhcjio ^/Xz (nopMnpoBKa opeflCTaBjieHna ne MenfleT 
MHHHMajibHoro ^HCJia napaMBTpoB, ot KOTopbix saBHCHT npe^CTaBjienne) . 

BeKTop (xi, 612, C12), rfle xi > 0, 612 > 0, C12 > a xf + 6^2 + c?2 = li 
MOJKeT 6biTb napaMeTpHSOBaH cjieflyiom,HM o6pa30M 

(xi , 612 , C12 ) = (sin ipi , sin ipi cos ipi , cos 0i cos ipi ) , 

r^e O<0i<-|,O<'(/'i<f - yHHTapnbiMH npeoGpasoBannMH CT0Ji6n;0B sjieMenTbi 
022, ^21, C21 MoryT 6biTb c^ejianbi HeoTpHn;aTejibHbiMH. Tax k&k 022 + 621+^21 — Ij 
TO BCKTop (022,^21,221) MOJKeT 6biTb napaMCTpHSOBaH cjieflyioin;HM o6pa30M: 

(022 ,b2i,C2i) = (cos 02 COS V'2 , sin 02 COS ?/'2 , sin 1^2 ) , 

r^e < 02 < f , < 02 < f , 02 • "02 7^ (HHane npeflCTaBjienne pasjioJKHMo) . 

yMHOxenneM 3-ii CTpoKH MaTpniibi D na sjieMCHT BH^a e*"^ (ynnTapHoe npe- 
o6pa30BaHHe CTpox) c^ejiaeM sjieMCHT C31 BemecTBennbiM HeoTpniiaTejibHbiM 

a32a32 + bsihi + 632632 + C31 + C32C32 = 1 

IlyCTb 

032032 + 631631 + = sin^ -03, 632632 +C31 = cos^ -03 ■ (16) 

YHHTbiBafl opToronajibHOCTb l-ii n S-ii CTpoxn MaTpniibi D h l|16p . bcktop (632, C33) 
MOJKeT 6biTb nponapaMCTpHSOBaH Tax: 

(632,033) (-cos 01 cos0)3e*^\sin0>i cos-03e'^O 

y^HTbiBaa (|16p BCKTop (032,631,031) MOJKCT 6biTb nponapaMeTpH30BaH TaK: 

(032 , 631 , C31 ) — (cos 03 cos Ipi sin 03 e'^^ , sin 03 cos 04 sin 03 e'^^ , sin ip^ sin 03 ) . 
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TaKHM o6pa30M, b MaTpHu,e D, KOTopyio mm 6yfleM nasMBaTb ocHoeou nped- 
cmaeAeHUJi, 



A. 



Bo 



C2 = 



sin ipi 
cos 4>2 cos V'2 

cos(/)3 cosV'4 sin'(/'3e*^= 

sin 01 cos -01 

sin 4>2 cos -02 
sin 03 cos -04 sin V'ae*^^ — cos 0i cos V'ae*^^ 

cos 01 

sin 02 
sin -04 sin -03 sin 0i cos V'a e**^ 



Cjie^OBaTejibHO, ocnoBa opeflCTaBjienHH, saBHCHT ot BemecTBennbix napaMeipoB 

</'2, 03, V'l, V'2, ■03, ■04, 6*1, 6*2, ^'3 • (17) 

H3 ycjiOBHH opTOCKajiapHOCTH cjie^yeT, hto ctpokh MaTpniibi D flOJiJKHbi 6biTb 
opTOHopMHpoBaHbi. Hs opToroHajibHOCTH 2-H H 3-ii CTpoKH HMeeM cooTHomeHHe: 

cos 02 COS 03 COS ?02 sin -03 COS -046*^^ + sin 02 sin 03 cos V'2 sin -03 cos -046*^-'' + 
+ sin -02 sin sin -04 = 0, 

KOTopoMy cooTBeTCTByeT 2 "Bem,ecTBeHHbix" cooTHomenHfl — pabencTBO nyjiio Be- 
mecTBeHHOH H MHHMoii ^acTH. CjieflOBaTejibHO, cpe^H napaneTpoB (|17p tojibko 

8 = I Qui + 1 HeSaBHCHMblX. 

IIoKajKeM, ^TO ocHOBoii D opTOCKajiapHoe npe^CTaBJieHne T onpe^ejiaeTCH 
oflHOsnaHHO. 
















Xi 





A2 







022 









032 



Xq > 0. 



Hs paBencTBa ^jihh ctoji6li;ob cjie^yeT Xq + 0^2 + 0,320,32 — xi, Tax ^to no- 
jiojKHTejibHoe HHCJio xq HO ocHOBe opeflCTaBJieHHfl onpe^ejifleTCH o^HOSHai^HO. 







boi 


602 









bi2 


B2 




621 









631 


632 







COI 


C02 









C12 


C2 




C21 









C31 


C32 



YHHTapHblMH npeo6pa30BaHHaMH CTpOK SJieMeHTbl 601 H Coi MOJKHO CflejiaTb 
Bem,eCTBeHHbIMH HeOTpHU,aTejIbHbIMH : 

601 = yol ba2 = yie'^- 
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Hs ycjiOBHii opTOCKajiapHOCTH BbiTeKaeT, hto 

''Ol + ^21 + l^3l|^ = 1^021^ + &12 + |''32|^, TaK HTO 



\b02\' 



&21 + I&32I' 



-'21 



'31 



S. 



boibo2 + b3ib32 = 0, TaK hto 
boibo2 =boi\bo2\e^^ =sin(/>3 cosV'4sin'^3Cos0i cos'^se'^^^"^^^ 
HosTOMy 6 = 61 — 63 m 



(-1602^ 





■ sin (ps COS ip4, sin tps cos (pi cos tp3 



(18) 



(19) 



CTajio 6biTb HHCJia b^i H — |6o2p ecTb KopHH KsaflpaTHoro ypaBHeHHH 

z'^ -s- z-t = 0, t>0. 

ypaBHeHHe hmbct ^Ba BemecTBeHHbix KopHH pasHoro 3HaKa, TaKHM o6pa30M |6oi|, 
1 602 1 H 9 onpc^ejiHiOTCfl ocHOBoii npe^CTBJieHHfl oflHOsnaHHO. 

AHajiorHHHO no ocnoBe npeflCTaBJienHH o^HOsnaHHO onpeflejiaroTCfl h nncjia 
coi, cq2- CTajio 6biTb B pasMepnocTH S^^ HepasjiojKHMbie opTOCKajiapHbie npe^i;- 
CTaBJieHHfl 3aBHCflT ne 6ojiee nen ot \Qv\ + 1, a nepasjiojKbiMbie opTOCKajiapHbie 
npeflCTaBJieHHH o6m,ero nojio>KeHHfl b tohhocth ot 8 = \Qv\ + 1 napaMSTpoB. 

d) IlycTb G = E-j; cooTBeTCTByiom,Hfl pasflejieHHbifl KOJinan HMeeT bh^ 

o Ci 



ai 



02 



a3 



63 b2 



bi 



KaK H3BecH0, 5^^ =1234321 
IlycTb T — Hepa3Jio>KHMoe opTOCKajiapHoe npeflCTaBjienne KOjinaHa Q b pas- 
MepnocTH 5^^, 









" An 


A12 



















T = 





A22 


A23 


^24 
























^34 


^35 . 






ail 


ai2 


Ol3 


Oi4 

















a2i 


021 


a22 


024 










a32 


033 


034 


035 


036 


O37 


038 


039 







042 


043 


O44 


045 


046 


047 


048 


O49 





052 


053 


O54 


055 


056 


057 


058 


O59 




062 


063 


064 


065 


066 


067 


068 


(l69 

















O77 


078 


O79 


07,10 






087 


088 


089 


08,10 



^11 — ^02,01! ^12 — ^02,03! ^22 — Tz^as't A23 — Tz^ci', 

A2i = Tz^b^; A34 = T(,2^b3; A35 = T(,2_bj. 
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^OnyCTHMblMH yHHTapHblMH npeo6pa30BaHHflMH CTpOK H CTOJl6u,OB HBKOTO- 

pbie H3 sjieMeHTOB MaTpHijbi T npeo6pa3yeM b nyjin, neKOTopbie h3 ejieMenTOB 
CTanyT paBHbiMH nyjiio b cnjiy opToronajibHOCTH CTpoK n ctoji6li;ob BnyTpn no- 

JIOC. 

Chmboji Ofc Ha KaKOM-jiH6o mbcto MaTpHu,bi T By^BT osHanaTb, hto na stom 
MBCTB MOJKCT 6yTb nojij'HCii iiojib iia /j-M mare yiiHTapiibiMH npeo6pa30BaHHflMH 

CTOJl6u,OB BBpTHKajIbHOii HOJIOCbl, 0|ft — CTpOK TOpHSOHTajIbHOii HOJIOCbl, fe — 
HOJIb nOJiyHBH B CHJiy OpTOrOnajIbHOCTH CTOJl6u,OB BBpTHKajIbHOii nOJIOCbl, OJ.fc — B 

CHJiy opToronajibHOCTH CTpoK. IIpH 3T0M flBJiaa HyjiH Ha fc-M mare, mm ne "nop- 
thm" HyjiH, nojiynenHbie panee. yMHOxenneM CTpoK h ctoji6li;ob na HHCJia BH^a 
g»</> (yHHTapHbie npeo6pa30BaHHH) neKOTopbie h3 sjieMBHTOB mo>kho c^ejiaTb Bem;e- 

CTBBHHblMH HeOTpHD,aTC.TIbIIbIMH, H Mbl Ha 3TO yxajKCM HpHMO B MaTpHD,e {ttij > 

jih6o Uij < 0). Mbl yKasbiBaeM na CTporoB cpaBHBHHB (ajj > jih6o aij < 0), 

BCJIH H3 paBBHCTBa SJIBMBHTa Gij HyjIKD CJIB^yBT pa3JIO>KHMOCTb npB^CTaBJIBHHfl. B 

pesyjibTaTB MaTpniiy T mo>kho npHBecTH k Bn^y 



^11 


Al2 










^23 












an > 


Olio 


013 > 


ni4 < 








"21 > 


(122 > 


('23 < 


^11 











032 > 


03 


O3 


035 > 


03 





042 > 


a43 > 


O7 


045 < 







ou 


053 > 


054 > 


Ois 


056 > 





0|4 


0|8 


0,64 > 


Ois 


066 













































^24 





A34 


^35 



























03 


03 


O39 





047 > 


07 


OI2 





057 < 


058 > 


OI2 





Ois 


^68 


OI2 





Olio 


078 > 


Oi 


07,10 > 


087 > 


088 > 


Oi 


08,10 < 



HopMHpyeM npeflCTaBjiBHHe T (Sy^eM CHHTaTb, hto Xz = 1)- Tor^a MaipHiiy 
D = [ A22 ^23 A2A ] (6yfleM nasbiBaeTb ee ochoboh npeflCTaBjieHHa) mo>kho 
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napaMeTpHSHpoBaTb cjie^yiomHM o6pa30M: 



A22 = 



i23 



A. 



sin (/)2 cos ij^A cos (ps cos ■03 sin tfj^ 
sin (j)4 sin tjjQ 






c;os 01 cos ihi 

sin 01 cos 'ip2 cos 02 sin ■02 



sin 01 cos ^/ii 

— cos 01 cos ^02 

sin 03 cos ^03 sin xp4 

cos04sini/)5e**i 

sin ^01 

sin 02 sin 02 

— cos 02 cos ^04 sin ^3 sin 04 

cosV'se*^' 



Ctpokh MaTpnn;!.! D opToriopMnpoBaHbi, ecjin flonojiHHTCJibiio BbinojiHaeTCfl 
cooTHomeHHe (o3HaHaiom,ee opToronajibnocTb 3-fl h 4-h ctpok): 



cos 03 sin 04 cos V'3 sin V'4 sin ^5 + sin 03 cos 04 cos tps sin ^4 sin V'se' 



+ sin ^3 sin -04 cos ip^e" 



0. 



(20) 



9to cooTHomeHHe SKBHsajieHTHO ffeyu BemecTBennbiM, tek hto h3 11 napaMCTpoB 

01 — 04, ^01 — ■05, ^1, O2 HeaaBHCHMblMH flBJIHIOTCfl 9 = + 1- 

JlerKO BHr^CTb, HTO HO OCHOBe D npeflCTaBJieHHH T MaTpHU,bI All, Al2, 

A35 (panee nacTHHiio npHBe^enHbie) naxoflHTCfl o/iHOsnaHHO. 

A24 



Tax H3 opTOCKajiflpHOCTH ctojt6ti,ob MaTpniibi 

^24 ^24 + A^4^34 = Xbjbi) CJie^yeT, HTO 



134 



(t.c. h3 paBCHCTBa 



2.2,2 2 

Ogy + ^47 + — ^^39 

087088 + 054058 = 

2 2 2 2 

ttyg + flsS + %8 + ^68068 = «39- 



H3 3THX paBencTB nocjie^OBaTejibHO h oflH03Ha^HO naxo/iHTCfl sjieMenTbi ogy, 

088, 078- H3 OpTOCKajIflpHOCTH CTpOK MaTpHIJbl [ A34, ^435 ] (t.C. H3 paBCHCTBa 
A34A^4 + ^35^35 = X62^f'2) CJieflyCT, ^TO 



2 2 

+ 



2,2,2 



7,10 

a78088 + 07,1008,10 = 



OTKyfla 0flH03HaHH0 naxoflHTCfl ajieMCHTbi 07,10 h 03,10 ■ 
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HapaMeTpHsyeM ctojiGiim MaTpniiM 



Al2 

A22 



cjieflyiomHM oSpasoM: 



A12 
A22 





X sin Pi 



X sin 0:2 sin /32 
—a; cos a2 sin/32 



-X sin /^a 




X cos ai cos /?! 

X sin ai cos /3i x sin 013 cos /32 

X cos tta cos /32 a; sin a4 cos /^s 

a; cos 0:4 cos /Ss 



3flecb a; > 0. 

IloKajKeM, HTO ajreMeiiTbi MaipHUbi A12 sjieMenTaMH MaTpniibi A22 onpe- 
;iejifliOTCH o;iH03HaHHO. TaK KaK a; cos ai cos /3i = 032, a; sin ai cos /3i = 042, to 
a;2 cos^ /?! = (132 + a|2- AnajiornHHO, a;^ cos^ /32 = 043 + 053 n a;^ cos^ /Ss = 0,^^ + 0^^. 
IlosTOMy 



a;sin/3i = -y^^T^^i^Tir^ 

a; sin /32 = \Jx'^ - {ah + 0-53) 
a; sin/33 = Jx^ - (a^4 + a§4) 



H3 opToronajibHOCTH ctojiSijob MaTpHijbi 



54 

A22 



cjieflycT 



IlosTOMy 



cosa2 = 



sin a2 



-x^ sin /3i sin /32 cos 0:2 + 042043 = 
-x^ sin /J2 sin /J3 sin a2 + 053O54 = 

042O43 

\/ [x"^ - {0-32 + (^42)] ■ [x'^ - {0-43 + «53)] 

0.53(254 



(oi4 + 0^4)] • [a;2 - {ah + a^)] 



Sna^eHHe x = Xas onpe^ejisieTCJi no ocriOBe npe^CTaBJieiiHJi o^riosHaHHo: ec- 
jiH A22 yHHTapno SKBHsajieHTHa MaTpHu,e diagjri, r2, r3}, > 0, to a; = max rj 

i 

(3T0 jierKO nojiyHHTb, flHaroHajiH3Hpyfl MaTpHn;bi A12, A22 yHHTapHbiMH npeo6- 
pasoBaiiHflMH, npn stom cyniecTBCHHO Hcnojib3yeTCfl opTOCKajiapHOCTb npe^CTaB- 
jieHHfl). 3jieMeHTbi an, 021 o^H03HaHHO naxoflflTCH no MaTpHu;e A12 (aHajiorHHHO 
TOMy, KaK HaxoflflTCH ejiBMBHTbi oy^iQ, 08,10 no MaTpHn,e A34). 

e) IlycTb G = Es; cooTBeTCTByroninfi pa3flejieHHbiH KOJiHan HMecT bh^ 

o ci 



Ol 



02 



03 



04 



05 
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KaK H3BeCHO, 



1 2 3 4 5 6 4 2 



IlycTb T — Hepa3Jio>KHMoe opTOCKajiapnoe npeflCTasjieHHe KOJinaHa Q b paa- 

MepHOCTH S^^, 



r^e 



T 



An 


Al2 














A22 


^23 














A33 


A34 


A35 














-445 



All — Ta2,ai', A12 — 71,2, a;,; ^22 — Ta^^a^', ^23 — Ta^M^ 



A 



33 



Iz.as) A34 — Tz, 



i35 



' 2,62 ! 



i45 



^61 ,62 • 



^onycTHMbiMH yHHTapHbiMH npeo6pa30BaHHHMH CTpoK H ctoji6li;ob neKOTO- 

pblO M3 C.7TCMCIIT0B MaTpHU;!.! T npOo6pa3yCM B Iiy.TTH, IIOKOTOpblO H3 O.ICMCHTOB 

CTanyT paBHbiMH nyjiio b CHJiy opToronajibHOCTb CTpoK h cto6jili,ob BHyTpn no- 
jioc. Cjie^ya npeflbiflymHM ^oroBopeHHOCTHM 06 o6o3HaHeHHHx, MaTpHijy T mo>k- 

HO npHBeCTH K BHfly, npH KOTOpOM 



All 




^23 
A33 



A12 
A22 



0135 > 

1 16 



an > ai2 > 



0| 

0| 
0| 



Oi27 






"017 

046 > 







26 







26 



o 



25 



a23 > a24 < 



032 > O21 O21 

Gi 043 > O23 

Oi 053 > 054 > 

Oi Oi24 064 > 

17 17 17 

O47 < 19 19 

O57 > 058 < 21 

OI2O O59 > 069 < 



075 > 

Oil 

oil 
oil 
oil 
oil 



02 

086 > 
096 > 

0|7 

0|7 

0|7 



O2 O2 

Oe Oe 
097 > O7 

010,7 > Oio,8 > 



O2 

_07 

On 



0|io an, 8 > 011,9 > 
0|io ai2,9 > 012,9 > 
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^34 -435 ■ 














A45 


= 






0740 > 


02 


02 


07,13 > 


O2 


O2 


02 


08,10 > 






08,13 < 


08,14 > 






0|3 


09,11 > 


O7 


Oi4 


09,14 < 


"09 


"Og 


0|3 


aio,ii < 


Ol3 


Oi4 


Ois 


010,15 > 


Ol4 


0|3 


Oil4 


ail, 12 > 


Oi4 


Ois 


011,15 < 


011,16 > 


0|3 


Oil4 


ai2,i2 


Oi4 


Ois 


0il5 


012,16 











013,13 > 


Ol3,14 > 


05 


05 











0i5 


0i5 


Ol4,15 > 


014,16 > 



OciiOBv npe/i;cTaBjieHHfl D = [ A33 ^434 ^435 ] mo>kho napaMeTpnsoBaTb 
cjieflyiomiiM o6pa30M 

a75=sin^/;i, 07^0 = cos cos 07^3 = sin 0i cos V'l 

086 = sin (^2 sin ^^2, 03,10 = sin (/>i cos V'2, 03,13 = — cos 0i cos V'2, 

08,i4 = COS 02 sin ■02 
096 = COS 02 sin 1/13, a97 = sin 03 cosV'3, 09,11 = cos 03 cosV'3; 

09,14 = -sin02sinV'3 

010.7 = cos03sinV'4; oio,8 = sin 04 cos '04; 010,11 = — sin03 sinV'4; 

010,15 = ~ cos 04 COS V'4 

011. 8 = cos 04 COS ^/'4 cos ■05; On^g = COS 05 sini/is ; ail, 12 = sin 05 sin ^5; 
Oil, 15 = sin 04 COS 0)4 COS -05 ; oii,i6 = sin ?/;4 cos ?/'5 

012.9 COS 06 cos V'g; 012,12 = sin 06 COS V'ee*''^; 012,15 = - sin V'6e*''^ 

CtPOKH MaTpHIIbl D OpTOHOpMHpOBaHbl, eCJIH flOnOJIHHTejIbHO BbinOJIHfleTCfl 

cooTHomeHHe (osnanaiomee opToronajibHOCTb 5-fl h G-ii ctpok): 

cos 05 COS 06 sin ^5 COS V'6 + sin 05 sin 06 sin 1/^5 cos ipee^^^ 

— sin '04 cos ip5 sin V'6e'^^ = 0. 

3tO COOTHOmeHHB SKBHBajIBHTHO flByM BeiLI,eCTBeHHbIM. 

KpoMe Toro h3 opTOCKajTapiiocTH npe7i,CTaBjreiiHa cjTe7;yeT paBCHCTBO /i^jiim 
ctoji6li;ob (xax bcktopob b ynnTapHOM npocTpancTBe) MaTpniibi A34 , nosTOMy hmc- 
CM ein;e 2 cooTHomeHHa: 

cos^ 01 cos^ tpi + sin^ 0i cos^ '02 = cos^ 03 cos^ tps + sin^ 03 sin^ '04 
H cos^ 01 cos^ tpi + sin^ 0i cos^ '02 = sin^ 05 sin^ ^5 + sin^ 06 cos^ Ve- 

TaKHM oSpaaoM h3 14 napaMCTpoB 0i — 06, '0i — '06, ^i, ^2 neaaBHCHMbiMH ab- 
jiHioTCfl 10 = \Qy\ + 1. 
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TaKJKe, KaK h b npe^bi^ymnx cjiyHaax, jierxo noKaaaTb, ^to no ocnoBe D 
npe^CTaBjienna T MaTpniibi ^11, ^12, A22, A23, ^45 (panee ^acTn^no npHBeflen- 
Hbie) HaxoflHTca 0flH03Ha^^H0. 

SaMenanue 2. HepasjiojKHMbie opeflCTaBJienHfl pacmnpenHbix rpa4)OM ^biHKHna 
B KaTeropnn jinnennbix npocTpancTB nsyHenbi b |16j4l7j. 

KaK H pflR KaTeropnn jinneiiHbix npocTpancTB, pasMepnocTH nepasjioJKHMbix 
opTOCKajiapHbix opeflCTaBJieHHii sthx rpacjaoB ne orpannHenbi b coBOKynnocTn. B 
pasMepnocTH, flBJijnonieiicH fleiicTBHTejibHbiM KopneM rpacjsa, npn (jsnKcnpoBaH- 
noM xapaKTepe, HepasjiojKnMoe npe^CTaBJienne e^nncTBenno. ^Jia pasMepnocTen, 
aBjiflioin;Hxca MnnMbiMn kophhmh rpacjaa, nepasjioJKHMbie opTOCKajiapnbie npe^- 
CTaBjieHHH, B OTjiHHHe OT jinneiiHO-ajire6paHHecKoro cjiy^aa, cymecTByiOT tojibko 
B pasMepnocTn coBnaflaiomen c MnnnMajibHMM nojioacHTejibHbiM mhhmmm Kop- 
neM, HO TaKJKe saBHcaT, npn (janKcnpoBaHHOM xapaKTepe, ot o^noro (KOMOJieKC- 
noro) napaneTpa. 
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